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1 Introduction

This is a compilation of probability problems that I've come across in my early days of
learning the subject. The references for this compilation are Durrett’s “Probabiliy The-
ory and Examples” and Morters and Peres: Browniaon Motion. Any numbered theo-
rems/exercises/pages in this compilation refer to Durrett’s book unless we are in the Brown-
ian motion section, in which case I am referring to Morters” and Peres’ book. Some problems
are also taken from these books.

2 Warm up Problems - Measure Theory

Problem 1
Consider the product of three fair-coin toss probability spaces. How many outcomes and
how many events are there on this space? Show that the number of heads in three tosses is
a random variable defined on this space.

Solution:
The set of outcomes for a fair-coin toss is Q@ = {H, T} and the events are
2 = {{},{H},{T},{H,T}}. The product of three fair-coin toss probability spaces will have
the following set of outcomes: Q@ = {HHH, THH, HTH, HHT,TTH,THT, HTT,TTT},
which contain 8 elements. The set of events in this example contained 2/l = 28 = 256
events.

The number of heads in three tosses is a function X from Q — {0,1,2,3} C R. Since
the set of events F is the power set of 0, X~1(i) € F for i € {0,1,2,3} so X is measurable.
Therefore the number of heads in three tosses is a random variable.

Problem 2
Show that the Borel o-field on R is the smallest o-field that makes all continuous functions
measurable.

Solution:

Let A be the collection of open sets of R in the standard topology. Then for any contin-
uous function f: R — R, and for any A € A, we have that f~'(A) € A C 6(A). The Borel
o-field on R is the smallest o-field on R containing A. Finally, by theorem 1.3.1, f is mea-
surable. We have shown that the Borel o-field makes all continuous functions measurable,
and that it is the smallest one to do so.

Problem 3
Just because A generates a o-field F, the values of P on A do not in general determine its
values on F. To show this, give an example of as measurable space (€2, F), a collection .4
and probability measures P , () so that

(i) P (A) = Q(A) for all A € A,
(i) F = o(A),



(iii) P = Q.

Note that this can be done on a space with four outcomes.

Solution:
Let Q = {a,b,c,d} and A = {{a, b}, {b,c}}.
Then
F=0(A)=2°
Let ] )
P = 5(% +4.), Q= 5(&, + d4)
SO

P({a0}) = Q({a,b}) = P({b,c}) = QU{b.c}) = 5
So far conditions (i) and (i) have been satisfied. But P # @ since P({a}) = 3 # Q({a}) = 0.

Problem 4
Given an arbitrary collection of subsets A of €2, prove that there exists a unique smallest
o-algebra o(A) containing A.

Solution:
let Q be a set and let A C 2. We will prove that there exists a unique smallest o-algebra
containing A.

claim: The intersection of a collection of o-fields is a o-field.

Proof. Let Q be a set and let (F;);er be a collection of o-fields on €2, where I # & is an
arbitrary index set.

first property
Since 2 € F; Vi € I we have that Q € N1 Fi.
second property

Let (Ej>]€N S miejﬂ. Then:
(Ej)jen€ F;Viel

So
B erviel
jeN
Hence
U E; € NierFi

JjeN

Third property



Let E € N;erF;. Then:
FeFVvViel

So
Eee F,Viel

Hence E° € Nier F;. O
Using this claim, we can proceed to the proof of this problem.

Proof. : We begin by showing existence.

Let B={C : C is a o-field on Q containing A}.
since 2% € B, B # @. By the claim, NgepC is a o-algebra and since A € OV C € B,
A € NgepC We have shown that D; C Ds. Symmetrically, we can show Dy C D; and so
Dy = Ds.

Next we show uniqueness. Suppose Dy, Dy satisfy the properties of 0(A). Let A € D;.
Then A € C VC € B, meaning A € NgepC and so A € Ds. H

Problem 5
Show that in the definition of “probability measure P on a measurable space (Q, F)”, we
may replace “countably additive” by “finitely additive, and satisfies:

if A, | 0 then P(A,) — 0.”

Solution:
consider a probability space (2, F, P). First we show that countably additive implies
finite additivity and satisfies

if A, | @ then P(A,) — 0

Proof. Suppose (A, )nen are disjoint sets in F such that there exists an integer m such that
A, = @ Vn > m. Then clearly

P(UAn) :P(UAH):ZP(An):ZP(An)

and so P is finitely additive. Next suppose A, is decreasing to the empty set. That is:
An C An+1 and An \l, . Let A= ﬁieNAi = @ and Cn = An\An—i-l-
then A, is the disjoint union (Ug>,Ch) U A = (Ug>,Ch). so

lim P(A,) = lim (P(A) + P(|J Ca)) = lim (0+ Y P(Cy))

n—o0 n—o0
k>n k>n

by countable additivity and using that A = &. The sum on the right is a tail of a convergent
sequence, so it goes to 0 as the limit goes to infinity. therefore: lim,,_,o, P(A,) = 0.
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next we prove the other direction: let (A4,),en be disjoint sets in F. Let C), = U;>p114;.
Then

U4a.=4aJ4.-UaJcn

neN
SO

P({J 4n) =) P(A) + P(Cy) (1)
neN i=1
by finite additivity. Note that C,y1 C C, and since (A,) are disjoint, N;>1C,, = & so
lim,, o P(C,) = 0 and so countable additivity follows from (1) by taking the limit as n goes
to infinity.

[

Problem 6
Let B be the field of finite disjoint unions of intervals (a,b] C R. For B € B define:

P(B) = 1 if (0,6).CBfOI' somee > 0
0  otherwise
Show that P is finitely additive but not countably additive on B

Solution:
We first show finite additivity. Let Ay, ..., A, € B. There are 2 cases.
Case 1: P(U,A;) =0

then fle > 0 s.t. (0,¢) C JI_, A;. This means that fle > 0 s.t. (0,¢) C A; Vi € {1,...,n}
since A; C Ui, 4; Vi € {1, ...,n}. Therefore P(A4;) =0Vi € {1,...,n} and we have that:

PULA) =0= 3 P(4)

Case 2: P(U A;) =1
then Je > 0 s.t. (0,¢) C U—, A;.
claim: 31j € {1,...,n} such that 3¢, > 0 and (0, ) C A;
Proof. We begin by proving existence. suppose existence is not true. i.e. suppose Veg > 0

and Vj € {1,...,n}, (0,€) ¢ A;. By the assumptions in the problem, each A; can be written

as a finite union of intervals A; = (a},bj]U...U (a;’,b}’]. Since Vey > 0 and Vk € {1, ..., n;},

(0,€0) ¢ (a%,b], it is clear to see that either a¥ > 0 or (a} <0 and 0¥ <0) Vk € {1,...,n;}.

Therefore we can find an €; > 0 such that (0,¢;) C (a%,b5]° Vi € {1,...,n;} meaning

(0,¢;) N A; = @. Finding such an ¢; for each A;, and letting € = min(ey, ..., €,), we see that
(Oa 6) N (U Al) =9
i=1
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which contradicts the assumption that P(U! ;A;) = 1.

So far we have proved existence of an A; such that P(A;) = 1. All that is left is to show
that there is only one such A;. Suppose JA; # A such that P(A;) = P(A;) = 1. That
means 3 €;, €, > 0 such that (0,¢;) C A; and (0, ¢;) C Ay. This implies that (0, min(e;, €)) C
(A; N Ay) contradicting the requirement that A; and A are disjoint.

Therefore there exists only one A; such that P(A;) = 1. Finally this means that

ZP(Ai):lzp(UAi)

]

Next we prove that P is not countably additive. Consider the set (—1,1]. Clearly
,1]) = 1. Now let Ay = (—1,0] and A, = Vn € N. Now it’s clear that

- (n+1’ ]
Ja
=0

. But none of the sets A; contain an open interval of the form (0, €) for some € > 0. Therefore:

ZP<A2‘):O7£P(UA1')

P((-1
(—1, ] is the d1s301nt union:

Problem 7
Suppose that B € (A) for some collection A of subsets. Show that there exists a countable
subcollection A, so that B € o(A,)

Solution:
Suppose o(A) is a o-field on 2 for some collection A. let:

F ={A € o(A) : 3 countable subcollection A, of A such that A € o(A,)}

We will show that F is a o-field. Let £ € F. Then 3 countable subcollection A, of
A such that E € o(A,). But this means £ € 0(A,) and so E° € F and FUE*=Q € F.

Next suppose (E;);en € F. Then there exists countable subcollections A,, such that
E; € 0(A,,) Vi € N. But a countable union of countable sets is countable, so

E;eo(| JA,) VieN
ieN
which means:

UE ea(JA)

1€N 1€EN



and so UjenF; € F. We have just shown that F is a o-field. But
AC FcCo(A)

and so F = o(A). Finally to answer the problem, that means B € o(A) = F and so we are
done.

3 'Tricky Probability Spaces

Problem 8

Find a probability space (€2, F, P) and events A, ..., A5 € F so that:
(i) any 4 of the events are independent, but all 5 are not.

(ii) any 3 of the events are independent but no 4 events are

Solution:

We will need the following lemma.

Lemma 1. Let H" be a non-empty finite n-dimensional inner product space over the field
K. Suppose W = (wy, ..., w,) is a uniformly distributed random vector on H™. That is each
w; is uniformly distributed on H Vi € {1,...,n}. Let {V4,..., Vi } be a set of vectors in H".
Define Y; =W -V; Vi € {1,....,k}. Here Y; € K.

Then Vi,...,Vi € H are linearly independent iff Y7, ..., Y, are independent random vari-
ables.

Proof. First suppose Vi, ..., V, are linearly independent. WLOG, we can assume that V; = e;
where e; is the standard basis vector. This is because we can always rotate and stretch any
axis of our frame to correspond with a vector V; while keeping track of what this does to .

This means that Y; = w; Vi € {1,...,k} by our assumption. It is clear that the Y; are
independent because each Y; is the projection of the ith component of W into H, and the
components of w; of W are independent of each other because each component is uniformly
distributed on H.

for the other direction, we will show the contrapostive. Suppose that Vi, ..., Vj are linearly
dependent. Suppose the dimension of their span is 0 < m < k (if the dimension of their span
was 0, then all the vectors would be 0 vectors and the conclusion would be trivial). Again we
can rotate and stretch our frame so that we can assume WLOG that V; = e; Vi € {1,...,m}.
After this transformation, the rest of the vectors V.1, ..., Vi will have zeros in their last
k — m components. That is to say, Vi1, ..., Vi € span(eq, ..., ).

So now, Y; = w; Vi € 1,...,m, and

Y = i’wivf
=1

7



Vi e {m+1,..,k} where VJZ is the ith component of V;. Now it is clear that Y;,...,Y} are
not independent because Y7, ..., Y, completely determine that value of Y, 11, ..., Yx. That is,
given the value of Y7, ..., Y,,, the value of Y,,.1, ..., Y; will not be uniformly distributed but
completely determined. For example,

P{Y1=0}Nn..n{Y,=0}N{Y1 #0}N..N{Y, #0})=0
but

[Trwi=on TT Py 2op = 207

=1 j=m+1

where |H| is the number of elements in H.

part i) We can now proceed with the setup of the solution. Let Vi, ..., V5 be vectors in Fa
such that any 4 vectors are linearly independent. Such vectors exists, for example, consider
the collection of vectors:

{(1,0,0,0), (0,1,0,0), (0,0,1,0), (0,0,0,1), (1,1,1,1)}

Let W = (w;, wq, w3, ws) be a uniformly distributed random vector on Fi. That is each w;
is uniformly distributed on Fj.

Let Y; be the inner product of W and V; in Fy and let A; = {Y; = 0} Vi € {1,2,3,4,5}.
Clearly any 4 A; are independent because any 4 Y; are independent by our lemma and the
condition that any 4 of our 5 vectors are linearly independent.

Also note that all 5 events are not independent because the 5 vectors are linearly depen-
dent because our vectorspace has dimension 4. Using the lemma, we find that the probability
of the 5th event occuring will be completely determined by the first 4, and therefore the last
event will not be uniformly distributed and therefore the 5 events we choose will not be
independent.

part ii)
Let Vi, ..., V5 be vectors in Fi such that any 3 vectors are linearly independent. Such
vectors exists, for example, consider the collection of vectors:

{(1,0,0),(0,1,0),(0,0,1), (2,3,4), (4,3,2)}

(This collection was not entirely trivial to find). Let W = (wy,ws, w3) be a uniformly
distributed random vector on F2. That is each w; is uniformly distributed on Fj.

Let Y; be the inner product of W and V; in Fy and let A; = {Y; = 0} Vi € {1,2,3,4,5}.
Clearly any 3 A; are independent because any 3 Y; are independent by our lemma and the
condition that any 3 of our 5 vectors are linearly independent.
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Also note that any 4 A; are not independent events because any 4 out of the 5 vectors
are linearly dependent because our vectorspace only has dimension 3. Using the lemma, we
find that the probability of the 4th event occuring will be completely determined by the first
3, and therefore the last event will not be uniformly distributed and therefore any 4 events
we choose will not be independent.

4 Laws of Large Numbers

Problem 9
(Monte Carlo Integration). (i) let f be a measurable function on [0, 1] with fol |f(z)|dx < oo.
Let Uy, Us, ... be independent and uniformly distributed on [0, 1], and let:

L =n"'(f(U) + ... + f(Uy))

Show that I, — I = fol fdxinprobability
(ii) suppose fol |f(z)|?dz < co. Use Chebyshev’s inequality to estimate P(|I,, — I| > a/n'/?).

Solution

(i)
First note that since f is measurable on [0, 1] and Uy, Uy, ... are i.i.d. on [0, 1],
f(Uh), f(Us), ... are i.i.d.
Since fol |f(z)|dz < o0, I, & E(f) = fol |f(z)|dz = I directly by theorem 2.2.9.

(ii)

suppose that fol |f(z)]*dx < co. Then var(f) < oo. Since f(Uy), f(Us), ... are i.i.d. they
are uncorrelated.
so by Chebyshev’s inequality:

E((I, —1)?) war(l,) n-var(f) wvar(f)

P(|I, — I| > a/n'/?) < = = =
( > a/n) < a’/n a?/n a’/n a?

where the second last equality comes from theorem 2.2.1.

Problem 10
If X, is any sequence of random variables, there are constants ¢, — oo so that X, /¢, — 0
almost surely.

Solution  Note that since Xy are random variables, P(|X,| > oco) = 1. Therefore,
we can choose ¢, such that P(|X,| > 2""¢,) < 27" Vn € N. Then

iP(]Xn\ >27"¢,) = ip(’Xn/Cn‘ >2"") < iQ‘” < 00
n=1 n=1 n=1

Therefore, by the Borel-Cantelli lemma, P(|X,/c,| > 27" i.0.) = 0. Since 27" can be made
arbitrarily small, Ve > 0, P(|X,,/c,| > €i.0.) = 0 and hence X,,/c, ¥ 0 by Durrett (lines

9



5-6 in page 57 ). Also note that increasing ¢, only helps our cause, so we can also choose
that ¢, — oo if it is not so already.

Problem 11
Let X3, X, ... be i.i.d. with distribution F, let \,, T oo, and let A,, = {maxi<;m<n Xm > An}.
Show that P(A, i.0.) =0 or 1 according as »_ -, (1 — F(\,)) < oo or = o0,

Solution  since Xj, Xy, ... have the same distribution F, P(X; < \,) = F(\,) Vi.
Hence
P(A,) = P({ min X,, <\, })=1—-F(\,)

1<m<n

Hence if .
ZP => (1-F()\,)) <
n=1

then P(A, i.0.) =0 by the Borel-Cantelli lemma.
Else if

ZP Zl—F(An)):oo

then P(A, i.0.) =1 by the second Borel-Cantelli lemma and independence of X7, Xy, ...

Problem 12
Suppose that > P(A;) = oco. Show that if

hmsup<ZP Ak> /( > P(AjAk)>:a>0

n—o0

then P(Api.0.) > a. The case a = 1 contains Theorem 2.3.6 in Durrett.

Solution for n € N let
Sn =2 1,
m=1
Note that for 0 < a <1,

E(S,) = E(Snlis,<ar(s,)y) + E(Snlis,>ar(s,)})

The first term on the right is bounded above by «FE(S,,), and the second term is bounded
above by E(S2)Y/2P(S, > aF(S,)) by Cauchy-Schwarz. Hence

P(S, > aE(S,)) > (1 —a)

Also note that



by hypothesis. Since S, (w) is the number of events in {A;, ..., A, } that contain the point w,
and lim sup A,, are the points w that are infinitely many A;, we have that

lim sup A, = {w : lim S, (w) = oo}

n—oo n—oo

Hence for all o > 0,

lim sup{w : S, (w) > aFE(S,)} C lim sup A,

n—oo n—oo

Therefore for 0 < a <1,

2
lim sup (1 — 04)2% <lim sup P({w : Sp(w) > aF(S,)}) by the beginning of problem 4
n—»00 n n—00
<P(lim sup{w : Sy (w) > aE(S,)})

<P(lim sup A,) by the above set containment

n—oo

which implies

. E(S,)? .
lim su < P(lim sup A,
msup g gay S Pllim sup Ay

We are done once we realize that
E(S2) =Y > E(lala,)=>_> P(AnA,)
k=1 m=1 k=1 m=1

and

Problem 13
Give an example with X,, € {0,1}, X,, — 0 in probability, N(n) 1 oo a.s., and Xy(n) — 1
a.s.

Solution  Let Q = [0,1] and F be the o—algebra of measurable subsets of Q2. Let P
be the Lebesgue measure. let:

Xn(w):{l ifQLmSOJ<%,Wheren:2m+k’0§k§2m_1

0 else

i.e. the type writer sequence. This is a standard example to show that X,, converges to 0 in
probability but not almost surely (as n — oo). Now let:

N(n) =min{i:i>2" and X; > 0}
and note that N(n) =3 oo and Xy, =1 a.s. Vn.

11



Problem 14
Let X = (1,0) and define X,, € R? inductively by declaring that X,,,; is chosen at random
from the ball of radius |X,,| centered at the origin, i.e., X,,11/|X,| is uniformly distributed
on the ball of radius 1 and independent of X1, ..., X,,. Prove that n~!log | X,,| = cas. and
compute c.
Solution Let
X1 Xo X;

V= ol oy, = 22y
P X X | X

Then Y;, Y5, .. are independent and uniformly distributed on the unit ball in R2. Hence,

| X, |Xn71|m\X1|
| X1 | [ Xna| [ Xol

1 1 1
—log| X[ =—log( ) = —log(IYal[Yaal..[Y1])
n n n
BN s
=— ZlOg|Yk| — E'log|Y1| by the SLLN
n
k=1

To find E log|Y1|, first note that for r € [0,1] and ¢ € N,

’71"/“2

PY;| <r)=—

(vl <r=""

and hence |Y;| has probability density f;(r) = &% = 2r with respect to Lebesgue measure
on [0,1]. And so

1
o= Bloghvi| = [ log(r) f(r)ar = =3

and we are done.

Problem 15
Let X1, X5, ... be ii.d. and let S, = X; + ... + X,,. Let p > 0. If S,/n'/? — Oa.s. then
E|X1|p < Q.

Solution Suppose
S?’L a.s.

nl/P 0
Then,
Xn Sn - Sn—l Sn Sn—l (n - l)l/p a.s.
= = — — 0
nl/p nl/p nl/p (n — 1)1/17 nl/p

This means that
P(|X,| > n'?io.) =0

Hence - -
Y P(XuP >n)=> P(IX,| >n'?) < oo
n=1

n=1

12



by the contrapositive of the second Borel-Cantelli lemma, and the assumption that X;, X, ...
are independent.
Finally, by lemma 2.2.8,

1

E|X;|P =/ py" T P(|1X1| > y)dy =/ py’  P(|1X,] > y)dy+/ py" P(|1X1| > y)dy
0 0

1

1 ()
S/ P P(|1X] > y)dy+p/ P(|X1| > y)dy
0 1

1 o)
S/pyp_ldy+2ZP(|X1\>n) since 1 < p <2
0

n=1

1 00
< / py iy + 2 P(IXy] > n'/?) < oo
0

n=1

since both terms are finite.

Problem 16
Let X;mXs, ... be independent with EX,, = 0, var(X,,) = 2.
(i) Show that if Y° o2 /n* < oo then Y, X, /n converges a.s. and hence n™* Y " _ X,, — 0
a.s.
(ii) Suppose > 02/n* = oo and without loss of generality that o < n? for all n. Show that
there are independent random variables X,, with EX,, = 0 and var(X,,) < o2 so that X,,/n

and hence n™' >~ _ X, does not converge to 0 a.s.

Solution If

m<n

)
Z X,
— converges a.s.
n
n=1

then
1 n
— Z X, — 0 as.
n m=1

by Kronecker’s lemma.

(ii)

By assumption, o, < n. Let

O'2 0'2
P(X,=n) = P(X, = —n) = 2%, P(X,=0)=1-"%

Now X, are independent with F(X,,) = 0 and var(X,) = o2, but V0 < € < 1,

on
P(|X,|/n>¢€) = 3

Hence

ZP(|Xn|/n >€) =00

13



Therefore by the second Borel-Cantelli lemma,
P(|X,|/n > € i.0.) =1 hence P(X,/n—0)=0

So X,,/n does not converge to 0 a.s. and hence n™'>" _ X, does not converge to 0 a.s.

m<n

Problem 17
Let X1, Xy, ... be independent and let S, , = X,,,41 + ... + X,,. Then

P( max | Sy, ;| > 2a> m}ir<1 P(|Skn| < a) < P(|Smnl > a)
m<kn

m<j<n

Solution  for m < k < n, define

Ape= {w :max \Sm]\ < 26, Skl > 26}

m<j<k—

Then Ay, is the event that the indicated maximum occurs on S,,; and not S, ; for
m < j < k. Thus these sets are disjoint and

{w: ma,x|5’m]|>26}— U A

k=m-+1

Now note that for all m < k < n,

Ak,em{w Skl < €} CTH{|Smnl > €}

Hence "
| (A,wﬂ{w S| < e}) C {|Smnl > €}
k=m+1

Taking the probability of both sides and using independence, we obtain:

n

Y P(A)P({w: [Seal < €}) < P({|Smnl > €}) (2)

k=m+1

Finally, note that

Z P(Ap)P({w : |Skn| < €}) > Jmin. P({w : |Skn| < €}) ( > P(Ak,e))
k=m+1 k=m+1
= min P({w: S| < e})P({w: maz |Sy, 5| > 2¢})
m<jysn

m<k<n

Combining this with (1), we obtain the desired inequality:

P({w: max |Smj| > 26}) mm P({w 1Sknl < €}) < P({|Smn| > €})

m<j<

14



Problem 18
Use the previous problem to prove the following: Let X, X5,... be independent and let
S, =X1+ ...+ X,. If lim,_, .5, exists in probability then it also exists a.s.

Solution Suppose S,, converges in probability. Then S5, is Cauchy in probability.
Therefore we have
Triz}gnP(]Sn—Sk\ <e)—lasm— o0

Fix an mg such that for all m > my,

min P(|S, — Sk| <€) >

m<k,n

Now for all mg < m < n, we have

%P( max ]Sk—S|>4e)< P(ma:c|S —S|>2e)

m<j,k<n m<j<n

<P< maz Sy, — S;| > 2e> min P(|S = S| <€)
<Kk<n

m<j<n
<P(|S, — Sm| >€) — 0 as m,n — o0

where the last inequality is obtained by Problem 9. This implies that

P( maz |Sk — S} >4e> — 0 as m,n — o0
m<j,k<n

Note that the max is always defined since we are taking the limit of finite values of m and n.
Since this is true for all € > 0, the last line implies that the probability that S, is not Cauchy
in probability is 0, hence the probability that .S,, is Cauchy in probability is 1. Therefore S,
converges almost surely.
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5 Random Walks

Problem 19

Let Sp,Si,Ss, ... be simple random walk on the integers (with S; = X; + ... + X;). Let
Fi = 0(Xi, ..., X;), be the natural filtration. Let a > 1 be an integer, and let T be the first
time i that |.S;| = a.

(a) Show that T is a stopping time with respect to the natural filtration.

(b) Show that 7 =T — 1 is not a stopping time with respect to the natural filtration.

(c) Show that nevertheless, X, 1, X2, ... is an i.i.d. sequence.

(d) On the other hand, show that the sequence in (c¢) is not independent of F..

Solution (a) Let A° = (—a,a). Note that
{T=n}={5 € A ..,S,_1 € A° S, € A} € F,

So T'is a stopping time with respect to the natural filtration.

(b)

Note that
{r=n}={T-1=n}={T=n+1}={S1 € A°, ..., S, € A°,S,1 € A} & F,

since X411 € F, So T is not a stopping time with respect to the natural filtration.

(c)
First note that X7 has the same distribution as X; since P(S, =a—1) = P(S, = —(a—1))
and P(S,4+1 = 1) = P(Sp+1 = —1). Next it’s clear that Xr1, X149, ... are independent since
they are not constrained (in the way Xr_; is) after existing (—a, a). Hence by theorem 4.1.3,
{X711n,n > 1} have the same distribution as the original sequence and are independent of
Fr and in particular Xp. Hence { X7, X741, ...} are i.i.d.

Problem 1 (d)
Let B =10,1] and let n > 1 be a positive integer. Noting that {7 = n} € F,, we have:

P{X,mneBin{r=n})=P{Xp1 € B}N{S € A%, ...,S, € A°, S,1; € A}
=P({S1 € A°,..., S € A%, St € A {Xnt1 € BYP({Xpy1 € BY)
£ P({S) € A°, ..., S, € A%, Spiy € A} P({X1 € BY)

Since whether S, steps into A or not depends on X,,,;. Hence the sequence in question
1(c) is not independent of F..

Problem 20
Using the same setup as the previous problem,
(a) show that there exists constants ¢ > 0,b € (0,1) depending on a only so that P(T >
t) < b for all t.
(b) Show that T" has finite mean and variance
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Solution (a) By example 4.1.5. in Durrett, P(T > 2na) < (1 — 272*)" Letting ¢t = 2na,
we have )
P(T >t) <[(1—27%)%]
finally, b = (1 —272%)2a € (0,1) since 1 — 272 € (0,1).

(b)
Note that since (E(T))? < oo, all we have to show is that F(T?) < co. By lemma 2.2.8. in
Durrett,

E(T?) = / 2t P(T > t)dt <y 2t[(1 — 272" < 00
0 1
since [(1 — 272%)2a] decreases exponentially since 0 < [(1 — 272%)2a] < 1.

Problem 21

Let Xy, Xs,... be i.i.d. with P(x; = 1) = p > 1/2 and P(X; = —1) = 1 — p, and let

Sp=X1+4+ ...+ X,. Let « =inf{m : S,, > 0} and § = inf{n : S, < 0}.

(i) Show that P(a < co =1 and P(f8 < o) < 1.

(i) If Y = inf S, then P(Y < —k) = P(8 < o0)*.

(iii) Apply Wald’s euqation to a An and let n — oo to get Ea = 1/EX; =1/(2p — 1).
Solution (i)

Note E(X;) =p—(1—p) =2p—1 > 0 since p > 1/2. Hence by the strong law of large

numbers, S,, — oco. Hence sup S,, = oo and inf S, > —oco. Finally, by exercise 4.1.9, this
corresponds to the case of P(aw < 00) =1 and P(ff < 00) < 1.

(ii)
We argue by induction. For k = 1, the equality is clear because infS, < —1 <= [ < oco.
Assume the equality is true for K = n — 1. Note that

{inf Sy < —n} ={M =inf{m:S5, <—-(n—1)} <oo}tn{inf(S;+n—-1)<0)} (3)

§>M

:{inf5m§—(n—l)}ﬂ{zﬂ}f(Sj—Fn—l) <0)} (4)

since (S;+n —1) >0 for j < M. Hence:

P{inf Sm < —n}) = PUM =inf{m: 5, < —(n—1)} < w}>P({jgﬂJ2(Sj +n—1)<0)})

= P({infSm < —(n— 1)})P({;Q£(Sj +n—1)<0)})
= P({infSu < —(n — D) P(infS; < 0))
= P(f < 00)" 'P(f < 00) = P(8 < o0)"

Where we used the independence of the sets on the right hand side of (1) in the first
equality above and theorem 4.1.4 for the second last equality above.
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(iii)
By Wald’s equation: E(aAn)E(X;) = E(Saan). From part (i) (the fact that P(a < o0) = 1),
we have that o An 1 «a. Hence Sy, — So = 1. By monotone convergence theorem:
E(aAn)E(X;)) 1T E(a)E(X7) as n — oo. Hence By dominated convergence theorem:

1=E(S.) < E(Somn) = E(a An)E(X,) — E(a)E(X;) = E(a)(2p — 1)
So the equality follows trivially.

Problem 22 (optimal stopping)
Let X,,,n > 1 be i.i.d. with EX;" < co and let

Y, = max X,, —cn
1<m<n

That is, we are looking for a large value of X, but we have to pay ¢ > 0 for each observation.
(i) Let T'=inf{n: X, > a}, p= P(X, > a), and compute EY7.

(ii) Let « (possibly a < 0) be the unique solution of E(X; — )t = ¢. Show that EYr = «
in the case and use the inequality

Y, §a+zn:((Xm—a)+—c)

for n > 1 to conclude that if 7 > 1 is a stopping time with E7 < oo, then FY, < a.
The analysis above assumes that you to play at least once. If the optimal a@ < 0, then you
shouldn’t play at all.

Solution (i) First note that 7" has a geometric distribution with a chance of success of
p. Hence E(T) = 1/p. Also note that since Xr is the first X, that is larger than a, it has
the same distribution as X; conditional on X; > a and 17<na<xTXm = Xr. So

E(Yr)=E(Xr)—cE(T)=a+E(X —a)"/p—c/p

(ii)
Plugging a = a in the above equation gives F(Yr) = «. Using the given inequality and
plugging 7 for n, we get:

Hence Wald’s equation gives:

E(Y,))<a+ E(MTEX —a)" —cE(t)=a+ E(T)c—cE(T) = a

18



6 Martingales

Problem 23
Suppose X > 0 and EX = oo. Show that there is a unique F-measurable Y with 0 <Y < oo
so that

/XdP:/YdP for all A € F
A A

Solution
Letting Yy, = E(Xy/|F) as in the hint where X3, = X A M, and letting M — oo, we get
by theorem 5.1.2(c): Yy = E(Xy|F) 1T some limit YV since X, T X. By definition, Y is
F-measurable. Now for all A € F, the conditional expectation definition gives:

/X/\MdP:/YMdP
A A

Taking the limit as M 1 oo, monotone convergence theorem then gives:

/XdP:/YdP
A A

Hence Y satisfies (i) and (ii) on page 189, hence the short uniqueness proof on page 190
applies and we are done.

Problem 24
Let var(X|F) = E(X?F) — E(X|F)? Show that

var(X) = E(var(X|F)) + var(E(X|F))
Solution
First note that E(F(X|F)) = E(X) and similarly, F(E(X?|F)) = E(X?). Hence
var(E(X|F)) = E(E(X|F))?) — (BE(E(X|F)))* = E(E(X|F))*) - (E(X))*
and

E(var(X|F)) = E(E(X*|F)) - E(E(X|F))*) = E(X?) - E(E(X|F))?)
so finally:

E(var(X|F)) +var(E(X|F)) = BE(X?) — (E(X))* = var(X)

Problem 25
Show that if X and Y are random variables with E(Y|G) = X and EFY? = FX? < oo, then
X =Y as.
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Solution
First we compute:

E(XE(Y|G)) = E(E(XE(Y]9)|6)) = E(E(Y]G))%)
hence:
E((X - B(Y|G))?) = E(X?) - 2B(XE(Y]9)) + E(E(Y]G))*) = E(X?) - E(E(YG))?)
which we use to conclude:
0= B(Y?) - E(X?) = BE(Y?) - B(E(Y|9)) = E(Y — E(Y]9))?) = E((Y - X)?)

hence X =Y a.s. since (X —Y)? =0 as.

Problem 26
The result in the last problem implies that if EY? < co and E(Y|G) has the same distribution
as Y, then F(Y|G) =Y a.s. Prove this under the assumption that E|Y| < oc.

Solution
First, Jensen’s inequality implies that

|E(X]9)| < E(1X]|9)

The conditions in the problem imply that we have an equality in the above. Hence, when
E(X|G) > 0, we have that E(X|G) = E(]X||G) a.s. and when E(X|G) < 0, we have that
—E(X|G) = —E(]X]|g) a.s. Written more formally:

E(|X| - X; E(X|G) >0) =0 and E(|X|— X;E(X|G) <0)=0

Hence sgn(X) = sgn(E(X|G)) a.s. Taking X =Y — ¢ for any real ¢ as in the hint and
doing the above again, we get that sgn(Y —¢) = sgn(E(Y|G) — ¢) a.s. for all real ¢. Hence
Y = E(X|G) as.

Problem 27
(a) Let M be a martingale, with EM? finite for all n. Show that if i < j < k < [ then
E[(My — My)(M; — M;)] =0
(b) Show directly (without use of martingale convergence theorem) that if sup,~, EM? < oo,
then there is a random variable M., so that M,, — M., in L2. Also show that EM., = EM,

Solution
Let i < j <k < (. Then by theorem 5.1.5:

E((M¢ — My)(M; — M;)) = E[E[(M, — My)(M; — M;)|F]]
= [(MJ M;)E[(M; — My)|F;]]
= B[(M; — M;)(M; — M;)] =0



Where we used
E[M,|F;] = E[E[M|Fei]|Fj] = E[Me1|Fj] = ... = E[M;|F;] = M
and similarly for Mj.

(b)
Since sup,,»o F(M?) < oo, there exists K such that F(M?) < K for all n > 0. Let X,, =
M, — M,,_, for n > 0.

Note trivially that: |2zy| < 2%+ y?, we have that |(z+y)?| < 22 +y*+ [2zy| < 2(22 +9?).
Hence for all n > 1, E[(M,, — My)?] < 2(E[M?] + E[M¢]) < 4K. Note also that for any
Jj # k, E(X;X)) =0 by part a. Hence

E[(M, — My)’] = E[(X, + Xpo1 + .. + X1)°] = ) E[X}]
k=1
since the E(X;Xj) terms vanish. Combining these results, we get:
" BIXE) = El(M, — Mo)?] < 4K
k=1

> on_, E[X?] is increasing in n and bounded above, hence it converges. Therefore we have

E[X?] “Z% 0. But this means that M, is Cauchy, and hence converges to some M, in L.
Now note that for all £ > 0, by theorem 5.1.5:

E[My] = E[E[My|Fi—1]] = E[My_1] = ... = E[M,]
but convergence in L? for random variables implies convergence in L', hence

E[M.] = lim E[M,] = lim E[Mo] = E[M]

Problem 28 (Conditional expectation for L? random variables)
(a) Let A be a subspace of L*(2, F, P) that is closed in L?. show that for any X € L?, there
exists a Y € A that minimizes || X — Y||,. Show that X —Y is orthogonal to all elements of
A.
(b) Show that if G C F is a sub sigma-algebra, then A = L*(Q, G, P) is a closed subspace of
L*(w, F, P)
(c) Show that in a the setup of (a) and (b), Y = E(X|G).

Solution
L?*(Q, F, P) is a Hilbert space, hence this entire problem (including showing that X — Y is

orthogonal to all elements of A) follows directly from Hilbert’s projection theorem. I'm sure
you agree that there’s no point in copying it here.

(b)
Let f,g € L*(Q,G,P), c € R. Then cf + g € G. Furthermore E((cf + ¢)?) < 2E((cf)?) +

21



2E(g%) = 2E(f?*) + 2E(¢®) < oo. Hence cf + g € L*(Q,G,P) and L*(Q,G,P) is a
subspace. To show closedness, let f, be a sequence in L?*(€2,G, P) that converges to some
f € L*(Q, F,P). Then by theorem 1.3.5 in Durrett, f = lim f,, = limsup f, € G Hence
fel*9g,P).
(c)
Let X € L*(Q,F,P). Let Y = E[X|G] where G C F. By theorem 5.1.4 in Durrett
E|Y|? < E|X|?. Therefore Y € L% The rest follows directly from theorem 5.1.8 in Durrett
and we are done.

What follows is an alternative proof of Y € L? for “fun” (and not because I already wrote
it out before stumbling across the theorem): Suppose X is non-negative on the set A € G.
Let B:={zr € A:Y(z) > 0}. Then P(A\ B) =0 or else we would have that Y is negative
on a set C' € G of positive measure but then C C A and so 0 > fc XdP = fC YdP < 0
which is a contradiction.

Now for A € G Let AT == {x € A: X(x) > 0}, A= = {z € A: X(z) < 0},
A, ={zx € A:Y(z) >0}, A_:={x € A:Y(x) <0}. Note that by the above paragraph:
P(AT\ A;) =0 and similarly with A~ and A_. So we find that for all A € G:

Jbi= fpee= o= fox= o= o= o
:/MY_/Y:/AW_/AY_:/JH

Hence for all A € G (and in particular A = ), we see that [, |X[* = [, [Y]*.

Problem 29
Use regular conditional probability to get the condition Holder inequality from the uncon-
ditional one, i.e. show that if p,q € (1,00) with 1/p+ 1/q = 1, then

E(IXY]|G) < E(IX["1G)"E(|Y]7G)"/

Solution
To do this problem, first we do problem 5.1.14 (in Durret): if f = 14 then the problem
is true from definition. Now we just use the regular construction (simple functions by
linearity, then non-negative functions by monotone convergence, and finally general functions

by f=f"=[").
Now we just apply problem 5.1.14 and the usual Holder inequality after fixing w:

[ ey @t < [t dx)l/p( / |Y<w’>|u<w,dx>)l/q

Problem 30
Suppose f is superharmonic on R?. Let &1, &, ... be i.i.d. uniform on B(0, 1), and define S,
by S, = S,_1+ &, for n > 1 and Sy = x. Show that X,, = f(S,,) is a supermartingale.
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Solution
Since f is superharmonic on RY, it is continuous on R?. Hence, since S, € B(x,n), and f
is bounded on B(x,n) by continuity, E(X,) = E(f(S,)) < oo for all n so condition (7) is
satisfied in the definition.

Letting F,, be the natural filtration on S,,, we see that X,, = f(5,) is adapted to F,, by
Theorem 1.3.2. and continuity of f. Hence condition (i7) is satisfied.

Finally, we compute:

1

E(Xp41Fn) = E(f(Sn + &) [Fn) = |B(S,,1)] B(Sy,1)

fy)dy < f(Sn) = X
and so condition (7i7) is satisfied.

Problem 31
Give an example of a submartingale X,, so that X? is a supermartingale.

Solution
Let X,, = —1/n on [0,1]. Then E(X,) = —1/n is increasing but E((X,)?) = 1/n? is
decreasing.

Problem 32
Give an example of a martingale X,, with X,, — —o0 a.s.

Solution
Let P(&, = —1) = 1 — 1/2"n, P(&, = %) = 1/2". Then E(,) = 0 for all n. Hence

27L
X, =& + ... &, is clearly a martingale. Now

iP(én#—l):iZ%:1<oo
n=1 n=1

Hence, by Borel-Cantelli: P(§, # —1 i.0.) = 0. Therefore X,,/n — —1 meaning X,, —
—00.

Problem 33
Let Y7, Y5, ... be nonnegative i.i.d random variables with EY,, =1 and P(Y,, =1) < 1
(i) show that X,, =[], -, Y defines a martingale.
(ii) Use theorem 5.2.9 and an arguement by contradiction to show that X,, — 0 a.s.
(iii) Use the strong law of large numbers to conclude that (1/n)log X,, — ¢ < 0.

Solution (i)
To check condition (i), just note that E(|X,|) = E(X,) = [],,<, E(Ys) = 1. Condition (i)
is met by letting F,, to be the natural filtration. To see condition (iii), just note that:

E(Xp1|Fn) = E(X Y| Fn) = X E(Yea | Fn) = Xo
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(ii)
Since Y,, are i.i.d and P(Y,, # 1) < 1, choose é > 0 such that P(]Y,, — 1| > §) =€ > 0. Since
X, is non-negative, for all a > 0,

P(X, >a)P(|Y, =1 >6) < P(X,|Yn — 1| > ae) = P(| X1 — Xn| > a€) =0

Where the convergence of the term on the right is given by the fact that X, — X a.s.
by theorem 5.2.9. By assumption P(]Y,, — 1| > §) = ¢ > 0 for all n, so it must be that
P(X, > a) — 0. Since this is true for all @ > 0, we have that X,, — 0 in probability. Hence
there exists a subsequence X,,, — 0 a.s. But we already know that X,, = X a.s. by theorem
5.2.9. Hence X,, — 0 a.s.

(iii)
First by Jensen’s inequality: F(log(Y%)) < log(FE(Y:)) = 0, however since P(Y,, = 1) < 1,
we have a strict inequality. So now by the SLLN:

Llog(X,) =~ > log(Yi) — B(log(¥) < 0

k=1

Problem 34
Suppose y,, > —1 for all n and Y |y,| < co. Show that [[>_ (1 + y,,) exists.

Solution
This is equivalent to showing 2% log(l + ym) < oo ie. 3.2 log(l + ym) =3 0.

> [ym| < oo means that |yy| 2% 0 and hence > |yml* < oo. Note that for |y| < 1/2:

o0 2 [ee]
k+1y Yy —k\ _ 2
log(1+y) = kE_l Zy—g(g—f )—y—y

Also note trivially that log(1+y) < y. Hence for large enough N, and m > N, |y,,| < 1/2,

s0:
> =) <) log(l+y) < ) [yl
k=N k=N k=N

taking the limit as N — oo we see that Y °_ log(1 + ) "2% 0 and so we are done.

Problem 35
Let X,, and Y,, be positive integrable and adapted to F,,. Suppose

E(XouilF) < (14 V)X,

with > Y, < oo. a.s. Prove that X, converges a.s. to a finite limit by finding a closely
related supermartingale.
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Solution
From the previous problem, [[°_, (1 +Y;,) exists. Let

X,
[ (1+Y,)

n —

Note that just as in problem 1,

E|X,| <E HXl 1::[(1 +Y,)

|

EXonlFl  _ X, B
n — n—1 -
Hmzl(l + Ym) Hm:1<1 + Ym)

And since Y,,, X,, are positive, Z, is a positive submartingale. Hence theorem 5.2.9 implies
that Z, =% Z.. a.s. Now since [[_,(1+Y,,) exists, we find

Hence E|Z,| < E|X,| < co. Since Z,, € F,:

E[Zn—H |Fn] S

X, =7 1:[1+Y iy ﬁ1+Y a.s.

Problem 36
Use the random walks in problem 30 to conclude that in d < 2, nonnegative superharmonic
functions must be constant. The example f(z) = |z|>~¢ show that this is false in d > 2.

Solution

From problem 30 above, we showed that X, is a submartingale. Since f is non-negative,
X, = f(Sn) > 0. Hence by theorem 5.2.9, X,, converges to some X, almost surely. Since f
is superharmonic, it is continuous. Suppose f is not constant. Then there exists constants
a < b such that A := {f < a},B := {f > b} are non-empty. Since S, has finite variance
and mean of x = Sy, and d < 2, by theorem 4.2.7 (for d = 1) aor theorem 4.2.8 (for d = 2),
Sy visits A and B infinitely often. Hence liminf f(S,) < a < b < limsup f(S,) which
contradicts that f is superharmonic i.e. that the second derivative vanishes.

Problem 37
Let X,, be a martingale atabped to F,,. Let F, be the sigma field generated by the union
of F,. Show that the following are equivalent:
1. {X,} is uniformly integrable
2. X,, converges in L' to X
3. X, converges in L' and almost surely to X 4. X,, = E(X|F,) for some random variable
X € Fo.

For the last three, show that the X have to be the same.

25



Solution
(1 = 3): {X,,} uniformly integrable gives sup F|X,| < oo for all n, hence by martingale
convergence theorem, X,, — X almost surely. Theorem 5.5.2 implies L' convergence.
(3 = 2): trivial
(2 = 4): This follows immediately from Lemma 5.5.5
(4 = 1): This follows immediately from theorem 5.5.1

If X,, converges in L' to X, then there’s a subsequence that converges a.s. to X, but
since every subsequence converges to Xoo, Xoo = X a.s. and in L'. Finally, from theorem
5.5.7, X, = [Xoo|Fn] = [Xoo|Foo] = Xoo as., and in L'. But X,, — X as. and in L'
Hence Xo, X, and X, are the same.

Problem 38
Let Zy, Zy, .. be i.i.d. with E|Z;| < oo, let § be an independent random variable with finite
mean, and let Y; = Z; + 0. If Z; is normal(0, 1) then in statistical terms, we have a sample
from a normal population with variance 1 and unknown mean. The distribution of 6 is
called the prior distribution, and P(6 € -|Y7, ..., Y},) is called the posterior distribution after
n observations. Show that E(0|Y1,...,Y,) — 0 as.

Solution
Let F,, = o0(Y1,...,Y,) and Fo = 0(UF,,). Note that by the SLLN,

1 & I, nseo
— Y. =0+ — i —0+0

Hence 0 € F,. Then by theorem 5.5.7:
E[0|F,] — E[0|Fx] =0

Problem 40
Let Q@ = [0,1), Iy, = [k27™",(k+ 1)27"), and F,, = 0({pn : 0 < k < 2"). f is said to
be Lipschitzcontinuous if |f(t) — f(s)|] < K|t — s| for 0 < s,t < 1. Show that X, =
(f((k+1)27") — f(k27™))/27" on I}, defines a martingale, X,, — X, a.s. and L', and

£0) = f(@) = [ Xel)d

Solution
Let frn = (f((k+1)27™) — f(k27))/2™" so that X,, = fy, on I;,. The trick is to note
that Ik,n = ]ka_,_l U _[2k;+1’n:1. and P(ngﬂ_,_l) = P(]Qk_i_l,n:l) = P(]k7n)/2 Hence

E(Xn+1"/_"n) = ka,n-H +2f2k+17n+1 = fk,n =X,

And so X, is amartingale. Next, sincet,s € [0,1), [t—s| < 1and |f(t)—f(s)] < K|t—s| < K.
Hence 0 < |X,,| < K for all n. Therefore X, is uniformly integrable and therefore converges
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to X a.s. and in L'. Finally, note that lemma 5.5.5 gives us that E(Xy|F,) = X,, for all
n. Hence since Iy, € F,, for a = k27" and b= (k+ 1)27™

[ = [Eam = [x= [x= 0 )

By combining integrals over these sets, we can obtain this results for a = k27" and b = j27"
for 0 < k < j < 2" Now for any a,b we can take sequences {k;}, {n;}, {ji} such that
k2™ — a and j;27™ — b and use the continuity of f (since f is Lipschitz continuous), to
obtain the result for all a and b.

Problem 41
Let Q =[0,1), [y, = [k27",(k +1)27"), and F,, = 0(I}, : 0 < k < 2").Suppose f is inte-
grable on [0,1). E(f|F,) is a step function and — f in L'. From this it follows immediately
that if € > 0, there is a step function g on [0, 1] with [ |f — g|dz <.

Solution
E[f|F,] is a step function by example 5.1.3 since I, are disjoint for o < k < 2". Since
E|[f|Fy] is uniformly integrable, it converges in L' to E[f|Fs] = f since f € Fuo.

Problem 42 (exercise 5.5.6 in Durret)
Let Z, be a branching process with offspring distribution p; (see end of section 5.3 for
definitions). Use exercise 5.5.5 in Durret to show that if pg > 0 then P(lim,,Z, = Ooroo) = 1.

Solution
Suppose py > 0, then P(Z,+1 = 0|7y, ..., Z,) > p§ > 0 on {Z, < k}. Note that if Zy = 0
for some N, then Z; = 0 for all £ > N. Hence {Z,, = 0 for some n > 1} = {lim,, Z,, = 0}.
Hence
P{limZ, =0}U{limZ, = oc0}) =1

By Durrett exercise 5.5.5.

Problem 43
Show that if F, t Fo and Y,, — Y in L! then E(Y,|F,) = E(Y|Fy in L.

Solution
First note that

E(EYalFn] = EY[F|) = E(E[Y, = Y| F]) < E(E()Y, = Y[|F.)) = E(|Y, = Y]) = 0
By Jensen’s and since Y,, — Y in L. Also Note that

E(|EY|Fa] — E[Y|F]|) = 0
By theorem 5.5.7. Hence By the triangle inequality:

E(|EY,|Fo] = EY[Fu]l) < BE(IEYL]Fo] = EY | Fi]]) + E(IE[Y|F)] = E[Y[F][) = 0
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Problem 44
Let T be a stopping time so that for some b, ¢ > 0 and every n we have P(T' < n+b|F,) > €
Show that ET < oo.

Solution
First note that for all n, e < P(T' < n+ b|F,) = E(l{r<p+s}|Fn). Now since {T" > n} =
{T < n}®e F,, for all n we have:

p(n<T§n+b):/

{n<T<n+b}

1dP:/ 1{T§n+b}dp
{n<T}
_ / E(Lirenssy| Fo)dP

{n<T}

_ / P(T < n+ b F,)dP
{n<T}

> eP(T > n)
So

—_

P(T>n)<-Pn<T<n+b)
€

Hence since T' > 0

100
ET = E|T| = ZPT>n EZP(n<T<n+b ZPn<T<n+1)
n=0

nO

:Z—)ZP(T:n+1)§é<oo
€

Problem 45
Prove that if { X;}ic; are uniformly integrable and so are {Y}};¢;, then so are {X;+Y] }icr je;

Solution
We want to show that for all € > 0 there exists M > 0 such that

sup  B(X: + Y| |Xi + ;] > M) < e
(3,5)EIxJ

Since { X, }ier and {Y}} e, are uniformly integrable, for any €, > 0 there exists M, > 0 such
that
sup E (| Xq[; | Xi| = Mo/2) < €o, supE(|Y! Vil > My/2) < e

el
Note that

E(max(|X.], [Y;]); 1] > Mo/2) < 260, Blmax(| X, [¥;1):]Y;] > Mo/2) < 2€,

Hence

B(X; + Vi[5 X + Y| > Mo) < EQmax((Xi], [Y;]); X, + ;| > M)
< 2E(max(|X;|, [Yj]); {|Xi| = Mo/2} U{|Y}| = Mo/2})
< 2B (max(|X.], Y} ]): [Xi] > Mo/2) + 2E(max(1X,], [Y;]): [¥;] > Mo/2)
< 4eg + 4eg = 8¢
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Therefore given any € > 0, choose ¢y = ¢/8 and follow the above recipe.

Problem 46
Show that if Y is a random variable with values in [—c,¢] and EY = 0, then Fe?Y <
cosh(Ac) < eN¢/2,

Solution
Since Y ranges from —c to ¢, so does

Y = (Y;Cr C>c—|— (1 - Y; C) (—c)

Also note that Y;gc ranges from 0 to 1. Hence by convexity of the exponential and the fact

that E(Y) = 0:
EeN < EKY +C)e*0 + (1 _r+ C)e"\c]
2c 2¢c

1 1
= §e>‘c e M — 56_)‘0 = cosh(Ac)

To show the other inequality, we expand the Taylor series of both sides.

o0 2n

cosh(Ac) Z i o i

n=0 n=0 =

2n C

)\2 2/2

since (2n)! > n!2" for all n > 0.

29



7 Markov Chains

Problem 46
Show that a finite aperiodic Markov chain is irreducible if and only if there is ny so that for
al n > ng and x,y € S we have p"(z,y) > 0.

Solution

Suppose there exists ng such that for all n > ng, and z,y € S, we have p"(x,y) > 0. Hence for
each z,y € S, psy = Pr(T, < 00) > 0. Hence the Markov chain is irreducible. Now suppose
that the Markov chain is irreducible. Given z,y € S, we have p, , = P, (T, < co) > 0, hence
there exists n,, such that p"v(x,y) > 0. Note that since the Markov chain is aperiodic,
for any m > 0, y € S, we have p™(y,y) > 0. Hence for N = m + n,, > n,,, we have that
pN(x,y) = pm e (x,y) > pev(x,y)p™(y,y) > 0. Therefore pV(x,y) > 0 for all N > n,,.
Since the Markov chain is finite, we can let ng = max, yes{n.,}

Problem 47
Let X,, be a finite irreducible Markov chain started at x. Let T, = 0 and let T; be the ith
positive time visiting x.
(a) Show that the finite sequences S; = (X7, X141, ..., X1, ,—1 are i.i.d. as i varies.
(b) Let N/ be the number of visits to y by time ¢. Show that for all y we have N/ /t converges
a.s.
(c) Show that (N/ —my)/oy converges to a standard normal random variable in distribution
for the right choice of m; and o;.

Solution (a)
Since X, is finite irreducible, it is recurrent. First note that S; = Sjofr,_,. Since X (Ty_1) =«
a.s. Hence

Pﬂﬁ(Sl © 9Tk—1 = Si|fTi71) = P:L‘(Sl = Sz)

Hence S; is independent of F7,_, and hence Sy, ...,S;_1. The result follows by induction on
7.

(b)

By part a, X, is recurrent. Hence the result follows directly from Theorem 6.6.1 in Durrett.

(c)
Let Rk = Tk — Tk‘—17 Rg = 0. Then

T, Ti Ri+..+Ry
_— = = - %
NE Tk K

By the strong law of large numbers. For T, <t < T}, we have:

1 k k-1 k _ N _ &k 1
— = >t >
ER, k—-1T, To._ t — T, ER,
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Hence T;/t — ER;. So if Ty <t < Ty11, by CLT:

Rit..+Ryy Ri+.+R Ri+..+R
Vot NY Rt g RibetRe ppp o po R, L N
P A o (R T o(RVE ’
(iE)R\/1 ; 2l vk ol )k o(R)VE
Problem 48

Let D be a finite set of size n and let Y; be independent uniform random variables taking
values in D. Let N; be the number of different values of Y; up to time ¢, and let T; be so
that 177 + ... + T} is the first time ¢ so that N, = k.

(a) Show that T}, are independent and T} has Geometric distribution with parameter 1/k
(b) Let a € (0,1]. Compute the asymptotics of the mean and variance of 11 + ... + 15— pe
as n — 0o

(c) Now let X, be a lazy random walk on the d-dimensional hypercube started at (0, ...,0).
Show that there exists € > 0 so that the random vector X 41054 has at least d?/3 zero entries
with probability tending to 1 as d — oo

(d) Show that the mixing time of X, is at least edlogd for large enough d.

Solution (a)
If N, = k then the there are n — k values left in our set. So our chance of success on the
first (and each) attempt is ”’T’“H Since the attempts are independent, we have a geometric
distribution and the T}, are independent.

(b)

Since T} has a geometric distribution, ET} = 1, ETy, = (nfl)/n = 2, ., BTy pe) =
=Gl 7e = Triea]- Hence
e n n
; ETk:1+m+...+m

~ nlog(n) —nlog(1l + [n%])
el
~ nlog(—)

[ne]
~n(l—a)log(n)

= nlog(

31



Similarly, the variance of a geometric distribution with parameter p is (1 — p)/p®. Hence

Var(Th + ... + Th-|pe)) = Var(Ty) + ... + Var(Tn_LnaJ)
n—|n®|
(k=1
=0+n Z (n— k: +1)2

n— LnO‘J -1 n—|n®|
~ n/ I—d:c ~ n/ de
9 (n—x+1)2 9 (n —x)?

(I~ .. _
:n/ T 2ndx
n—2 x

(c)
Let Y, =T\ + ...+ T,,_|no], € = 1/6, @ = 2/3. Then by part b, for large d, E(Y;) > %llogd
and Var(Yy) < 2d*~2/3. Hence for large d, we have:

d d
P(Y; < 5 —logd) < P(|Yy — EYy| < — logd EYy)
d
= P(¥a— BYi| > (1/3 ~ 1/6)dlogd) = P(Ya ~ BY] > & logd)
Hence by Chebyshev’s inequality:

P(Ys < Slogd) < P(Ys— BYi| > S1ogd)
VarYy 100
<
= (4logd)? ~ d*3(logd)?

Hence P(Y; > ¢logd) — 1 as d — oc.
(d)

Since the stationary distribution is clearly uniform, we expect half of the entries to be 0. But
for large d, we expect to have at least d*® zero entries at time edlog d. Hence the expected

d2/3—d/2
d

total variation is bounded by = |d~'/3 —1/2| — 1/2 and so the mixing time is at

least edlog d since the value above does not converge to a time less than half.

Problem 49
Let X; be a biased lazy random walk on the n-cycle. Namely, with probability 1/2 X, stays
where it is, with probability p/2 it moves to the right and otherwise it moves to the left.
Assume p € (1/2,3/4). Show that the mixing time of X; is at most 100n?.

32



Solution
Since I missed Lecture, I will use a similar resource to the lecture notes (Markov Chains and
Mixing Times by Levin, Peres, Wilmer). Consider the lazy random walk on {1, ...,n}. where
we have 1/2 chance of staying in the same place. Let 7 be the hitting time of 1 or n. Then

by proposition 2.1 in Levin,

7’L2

4

since the chance to step in any direction is less than half (i.e. that of a simple random walk).
Note that by differentiating, the middle part above is maximized when k = n/2 hence we get
the right hand term. Now we just construct a coupling (X3, Y;) of two particles performing
the lazy biased random walks on the n-cycle. They must not take steps at the same time so
that they don’t jump over each other. When they meet, they make identical moves. They
way they move could be dictated by the following rule: a fair coin is flipped. If the result
is heads, the biased lazy random walk on X is iterated by one step. Otherwise the same is
done for Y;. If we let D; be the clockwise distance of the particles and 7 be the hitting time
of this random walk to the points 0 or n (i.e. when the points collide), just as in example
5.3.1 in Levin, using the above and corollary 5.3 in Levin, we obtain:

Ep(t) <k(n—k) <

maxy,y L,y (7)

2
d(t) < max P(r >1t) < < %

T x,Y€ELn t

The right side is equal to 1/4 for t = n?. Hence t,,;, < n.

Problem 50
Let &1, &, ... be iid. € {1,2,.., N} and taking each value with probability 1/N. Show that
X, = [{&, .., &.}| is a markov chain and compute its transition probability.

Solution
The probability of adding a new value (at time n+1 depends on the number of values we have
seen at time n. Hence X, is a Markov chain. The transition probabilities are p(j,j) = j/N
since there is a j/N chance that {niq < 7, p(j,7 + 1) =1—j/N, p(i,5) = 0 otherwise.

Problem 51 (Durrett Exercise 6.3.6)
Let h(x) = P,(t4 < 75). Suppose AB =0, S — (AU B) is finite, and P,(aup < 00) > 0 for
allz € S— (AUB).
(i) Show that

h(z) = Zp(x,y)h(y) forx ¢ AUB

(ii) Show that if h satisfies the equation above, then h(X(n A T4up)) is a martingale
(iii) use this and exercise 6.3.5 in Durret to conclude that h(x) = P,(74 < 7p) is the only
solution of the above equality that is 1 on A and 0 on B.

Solution
We take the expected value for the case when x ¢ AUB (and therefore 1., < y06 = 1(r,<7,)),
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we get:

Pm<7—A < TB) = Ea:(l(TA<Tb) o 91) - E$<E$(1(TA<T1,) o 91|f1)) = Ezh(Xl)

(ii)
Let N = 74up. Note that X, 1any = Xpan on {N < n} € F,. Hence by exercise 1.1 in
ch.5,

Eh(XnJrl/\N’Fn) = E(h(Xn/\N|Fn) = h(Xn/\N)

Note that X4 1an = Xpi1 on {N > n} € F,. Hence by the Markov property, part (i) and
exercise 1.1 in ch.5,

Eh(Xonn|Frn) = E(MXpy1|Fn) = E(h(X7 0 6,|F,)
= Eth(Xl) - h(Xn) = h’(Xn/\N)

(iii)
By exercise 6.3.5, N < oo a.s. Also note that h is bounded since S — (AU B) is finite. Hence
by the bounded convergence theorem and Martingale property:

h(z) = E;h(Xonn) = Exh(Xy) = Py(14 < 78)

Problem 52 (Durrett Exercise 6.3.10)
Let 74 = inf{n > 0: X,, € A} and g(x) = E,74. Suppose that S — A is finite and for each
x€S—A, P(ra <o0)>0.
(i) Show that

g(x) =1+ p(z,y)g(y) forz & A

(ii) Show that if g satisfies the above equality, g(X (n A 74)) +n A 74 is a martingale
(iii) Use this to conclude that g(x) = E,74 is the only solution to the above equality that is
0 on A.

Solution (i)
Note that 7400, =74 — 1 if x € A. Just as in the above, we take expected value:

g(l‘) - 1) = Eﬂc(TA - 1) - Ea:(TA o 91) - E:cEx(TA o 61|fl> - Ea:g(X1>

(ii)
Just as in the previous problem, we consider the two sets. First, on {74 < n} € F,, we have
that

g(Xn+1/\TA) + (n + 1) NTy = g(Xn/\TA> +nANATa

so by exercise 1.1 in ch.5,

Ex(g(Xn-‘rl/\TA) + (TL + 1) A 7-A|~F.n) = Ex(g(Xn/\TA> +nA T|fn) = Q(Xn/\m) +nANATy
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On {74 > n} € F,, we have that
9(Xntinra) + (n+ 1) AT = g(Xn1) +n+1
so by exercise 1.1 in ch.5 and part (i):

Em(g(Xn-&-lATA) + (n+1) A7al F) = Eo(9(Xng1) + 1+ 1|"rn) =g9(Xn)—1+n+1
g(Xn) +n

(iii)
By exercise 6.3.5, P,(14 > kN) < (1—¢)* Vy ¢ A so that E,74 < co. Just as in the previous
question, any solution is bounded since S — A is finite. Hence by monotone, bounded
convergence theorems and the martingale property:

g($) = E!L'(g(XTL/\TA) +nA TA) — EzTA

Problem 53 (Durrett Exercise 6.4.9)
f is said to be superharmonic if f(z) > > p(z,y)f(y), or equivalently if f(X, is a su-
permartingal. Suppose p is irreducible. Show that if p is recurrent if and only if every
nonnegative superharmonic function is constant.

Solution
We start by using a contrapositive arguement. Suppose the chain is transient. Hence for
some x. Py(T, < 00) < 1and f(z) = P,(T, < o0) is a non constant superharmonic function.
Now suppose f > 0 is superharmonic. Let f(X,) = Y,. Then Y}, is a supermartingale, so Y,
converges to a limit YV a.s. If X, is recurrent then for any x, X,, = = infinitely often, hence
f(z) =Y and this function is a constant.
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8 Brownian Motion

Problem 54

Show that for a Brownian motion B

(a) for all ¢ > 0 we have P(tis a local maximum) = 0

(b) almost surely local maxima exist

(c) almost surely, there exist times t1,t, € (0,1), D*B(t) > 0 and D, B(t) < 0. Here

D*f(t) = limsup ft+h) - f(1)
hl0 h

and Dy is the same with lim inf.

Solution

By the discussion in page 13 of Morters and Peres: Browniaon Motion, it suffices to consider
a standard Brownian motion B. For ¢t > 0, let Y} (t) = B(t + to) — B(to) and let X, (t) =
tY (7). Then by theorem 2.3 (Markov property) and theorem 1.9 (time), Y;,, X;, are standard
Brownian motions. Now suppose ty is a local max of B. Then for sufficiently small £ > 0,
Y, (t) < 0 and hence for sufficiently large ¢ > 0, X;,(¢) < 0 and so limsup,_,., Xz, (t) < 0.
So {to : tois alocal max for B} C {limsup,_,. X (f) < 0}. But by proposition 1.23,
lim sup,_, ., Xy, () = +00 almost surely. Hence

P{ty : ty is a local max for B}) < P({limsup X;,(t) <0}) =0

t—o00

(b)
Consider the interval I = (0,1). We claim that there exists a local maximum in /. If this
were not the case, then either B is monotone increasing on I, or there exists a ty € I such
that B is monotone decreasing on (0, %) and increasing on (¢, 1). However, since these are
open intervals, we can fit non-degenerate closed interval in each one. But by proposition
1.22, almost surely, B is not monotone on any closed interval. Hence the probability of both
the cases above is 0, and so almost surely, B has a local max.

(c)
By a symmetric argument as in part (b), almost surely, B has a local min on (0,1). Let
to,t1 € (0,1) be a local max and min of B respectively. Then for sufficiently small » > 0,

B(to+ h) — B(to) < 0 and B(t; + h) — B(t;) > 0 Hence:

D*B(ty) = limsup Blto + 1) = B(to) <0, D.B(t)=liminf Bt +h) = B(t)

>0
) h h0 h -

Problem 55
Show that, for every point z € R, there exists a two-sided Brownian motion (B(t) : t € R)
with B(0) = x which has continuous paths, independent increments, and the property that
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for all t € R and h > 0, the increments B(t + h) — B(t) are normally distributed with
expectation zero and variance h.

Solution

Let By, By be independent standard Brownian motions (so they have the same distribution).
Let By = By + x/Q,BQ = By + z/2. Then By, By are Brownian motions with the same
distributions as By. Define By (t) = By(0), Bo(t) = By(0) for negative t. Now let E(t) =
By(—t). Then E(—-) has the same distribution as Bi(-). Finally, let B(t) = By(t) + E(t).
Then B(0) = B1(0) + 2/2 + B2(0) + /2 = x. The continuity of the paths follows from the
fact that the sum of 2 continuous paths is continuous. The increments are independent since
B, and E are independent, and they each have independent increments. Finally, note that
h > 0 so to check the last condition, we have a 3 cases. Case (i) ¢ > 0. Then

B(t+h) — B(t) = By(t + h) — By(t) + Bao(—t — h) — By(—1)
= Bi(t+h)+x/2 — Bi(t) — x/2 4+ By(0) + z/2 — By(0) — /2
= Bi(t+ h) — By(t)

which is normally distributed with mean 0 and variance h. Next we have case (i7) t < 0 and

t+ h < 0. Then
B(t+h) — B(t) = Bi(t + h) — Bi(t) + Ba(—t — h) — Ba(—1)

1(0) +2/2 — B1(0) — /2 + Ba(t + h) + x/2 — By(t) — x/2

5(t + h) — Ba(t)

which is normally distributed with mean 0 and variance h. Next we have case (iii) ¢ < 0

and t +h > 0. Then

B(t+ h) — B(t)

B
B
B

Bi(t + h) — By(t) + By(—t — h) — By(—t)
= Bi(t+h)+x/2 — B1(0) — 2/2 4 By(0) + /2 — By(t) — /2
= Bi(t+ h) — By(t)

which is normally distributed with mean 0 and variance h since B; and By have the same
distribution and are both Brownian motions.

Problem 56
Use the time inversion formula and properties of random walks to show that almost surely
b takes on both positive and negative values in every nonempty interval (0,1)

Solution
By time inversion B(t) L ¢B (1/t). Hence we have B(t) takes positive and negative values
for t € (0,€) almost surely iff tB(1/t) takes positive and negative values for t € (0, €) almost
surely. But by corollary 1.11 and Chung-Fuchs theorem, B(t) is recurrent and therefore so is
B(1/t) for t € (0,¢). In particular, B(1/t) visits positive and then negative values infinitely
many time for ¢ € (0,¢). Hence so does tB(1/t) and consequently B(t).

Problem 57
Recall that a random vector X has (mean zero) multivariate normal distribution if it can be
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written as M Z for Z a vector with independent standard normal entries and M a possibly
rectangular deterministic matrix.

(a) Show that the distribution of a standard normal vector is determined by its covariances
EX;X;

(b) Show that if X, Y are independent standard normal then X —Y, X +Y are independent
normals of variance 2.

Solution (a)
Let X = MZ as in the problem where Z = (71, ..., Z,) with independent standard normal
entries (i.e. Z; ~N(0,1)). Let o; = 1 be the variance of these entries and I = ¥ = E[ZZ"]
be the covariance matrix of Z and ® = E[X X'] be the covariance matrix of X. Then using
our knowledge of the characteristic function:

©(\) = E[e™X] = HE[ei/\ka] _ o ENMEMEA
k=1

_ 6—71,\’fME[zz’f]Jw,\ _ 6—71,\t1\4E[ZZ’f]Mt,\

STNEMZZIMIN _ ST

e

Hence the distribution of X is determined by it’s covariance.
(b)

Oxiy(A) = px(Ney(N) = oA 2o-02/2 _ 2072
ox—yv(N) = ox(Np_y(A) = e N2 (N2 = =222
Hence X +Y, X —Y ~ N(0,2). Their independence is a basic lemma in Durrett.

Problem 58
(a) Show that for any continuous function f on (0,00), if lim,o f(h) = 0 over rational h
then the same is true over real h
(b) Define R(t) = tB(1/t) for t > 0. We have checked that R(t) is continuous on (0, c0) and
has the same distribution as B on this interval. Use part (a) to show that lim, o R(h) =0

Solution (a)
Let h, | 0 be rational, k,, | 0 be irrational. Suppose f(h,) — 0 and f(k,) — ¢ # 0. Then
for for € = ¢/100, for any § > 0, we can choose N > 0 s.t. for all n > 0, |h, — k,| < 9,
|f(hyn) — 0] < ¢/100 and | f(k,) — ¢| < ¢/100. But now |f(h,) — f(kn)| > ¢ —¢/50 > € which
contradicts continuity of f.

(b)
Let h,, | 0 be rational just as in part a. Then by page 27 of Morters and Peres, lim,, o, R(h,) =
0 almost surely. And since R is almost surely continuous on (0, 00), lim;_,o R(t) = 0 almost
surely by part (a).

Problem 59
(a) Use the SM P and problem 56 to show that for every ¢ a.s. if T is the first time after ¢
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so that B(T') = 0, then there are zeros of B in the interval (7, T + ¢) for all € > 0.
(b) Let Z be the set of zeros of BM. Use part (a) for all rational ¢ to conclude that a.s.
every point in Z is a limit point of Z. (It follows that Z is uncountable)

Solution (a)
By problem 56, T" is almost surely finite. Hence by the SMP, X (t) = {B(T+t)—B(T) : t > 0}
is a standard Brownian motion independent of F*(T') (defined in Morters and Peres). And
so by problem 3 again, there are zeros of X () in every interval ¢ € (0,¢), € > 0. But hence
this means There are zeros of B(T' +t) — B(T') = B(T +t) + 0 in every interval ¢t € (0, ¢),
e > 0. So there are zeros of B(t) in every interval t € (T, T + ¢€), € > 0.

(b)
Suppose z € Z (so B(z) = 0) and suppose z doesn’t have a limit from the left (or else we are
done already). Then by part (a), there exists z, such that B(z,) =0 and z, € (z,z+1/2").
But now z, — z and we are done.
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